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The Allen-Heine-Cardona theory allows us to calculate phonon-induced electron self-energies from
first principles without resorting to the adiabatic approximation. However, this theory has not been
able to account for the change of the electron wavefunction, which is crucial if inter-band energy
differences are comparable to the phonon-induced electron self-energy as in temperature-driven
topological transitions. Furthermore, for materials without inversion symmetry, even the existence
of such topological transitions cannot be investigated using the Allen-Heine-Cardona theory. Here,
we generalize this theory to the renormalization of both the electron energies and wavefunctions.
Our theory can describe both the diagonal and off-diagonal components of the Debye-Waller self-
energy in a simple, unified framework. For demonstration, we calculate the electron-phonon coupling
contribution to the temperature-dependent band structure and hidden spin polarization of BiTlSe2
across a topological transition. These quantities can be directly measured. Our theory opens a new
door for studying temperature-induced topological phase transitions in materials both with and
without inversion symmetry.
Interactions between electrons and phonons induce
a temperature-dependent renormalization of electronic
structures1. The Allen-Heine-Cardona (AHC) theory2–4
is one of the current state-of-the-art methods to study
the effect of electron-phonon coupling (EPC) on elec-
tronic structures from first-principles density functional
theory (DFT) and density functional perturbation the-
ory (DFPT). Zero-point renormalization and tempera-
ture dependence of the electronic band gap5–13, optical
responses14–16, and topological properties17 are being ac-
tively investigated with the AHC theory.
In the AHC theory2–4, the matrix elements of the
second-order derivatives of the electron potential is re-
quired to compute the Debye-Waller (DW) contribu-
tion to the electron self-energy. This matrix element is
approximated using the rigid-ion approximation (RIA),
which assumes that the potential is a sum of atom-
centered contributions. Then, by invoking the transla-
tional invariance of the electron eigenvalues, one can cal-
culate the second-order EPC matrix elements from the
first-order EPC matrix elements. However, this method
is applicable only to the band-diagonal part of the DW
self-energy. An approximation scheme for the full DW
self-energy matrix including off-diagonal components has
been absent.
The missing off-diagonal components of the self-energy
are essential to describe the hybridization of energy
eigenstates1,18–22. Thus, the current scope of the first-
principles AHC theory is limited in that the EPC-induced
change of the electron eigenstate wavefunctions is ne-
glected. This theoretical limitation even precluded a
complete study of electronic structures across an EPC-
induced topological transition. For example, in Ref.17,
the renormalized electron energy was calculated only at
Γ where the wavefunction hybridization is forbidden due
to the inversion symmetry. Thus, the evolution of the
electronic structure around the topological band-gap in-
version could not be investigated. Furthermore, in mate-
rials without inversion symmetry, e. g. , BiTeI23–26, such
phonon-induced band-gap inversion occurs not at Γ but
at generic k points. Hence, the AHC theory cannot even
tell the band inversion, let alone the renormalized wave-
functions. To the best of our knowledge, the role of
thermal phonons in renormalizing the electronic struc-
ture in the presence of such wavefunction hybridization
has never been studied from first principles.
Alternatives of the AHC theory include the frozen
phonon method with Monte Carlo integration26–28, the
one-shot supercell method29–31, and molecular dynamics
methods32–35. However, (i) these methods require cal-
culations of large supercells which are computationally
much heavier than DFPT calculations. Accordingly, the
effect of the phonon modes with wave vectors close to the
center of the Brillouin zone may not be fully captured.
More importantly, (ii) these methods are intrinsically
adiabatic. Hence, they quantitatively or even qualita-
tively fail to predict the band gap renormalization of po-
lar semiconductors10,36 and cannot describe many-body
effects such as the phonon satellites11,37.
Therefore, it is of great importance to generalize the
AHC theory for the study of EPC in a wider variety
of materials where the wavefunction hybridization is not
negligible. In this paper, we achieve this goal by deriving
a simple yet sophisticated expression for the full DW self-
energy matrix. This result fills the gap of the AHC the-
ory, rendering it a complete theory of EPC-renormalized
electron energies and wavefunctions. Our formulation
also significantly simplifies the computation of the DW
self-energy as neither summations over empty states2–5
nor solutions of the Sternheimer equations6 are required.
The crucial component in this development is the op-
erator generalization of the acoustic sum rule for EPC.
As one of the plentiful applications of our theory, we
study the temperature-dependent electronic structures of
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2BiTlSe2 around a topological insulator to normal insula-
tor transition.
In the dynamical AHC theory, the phonon-induced
electron self-energy Σ(ω), which is a function of the fre-
quency ω, is written as a sum of the Fan and the DW
self-energies1,38:
Σnn′k(ω) = Σ
Fan
nn′k(ω) + Σ
DW
nn′k, (1)
ΣFannn′k(ω) =
1
Nq
∑
qν,m
κακ′α′
1
2ωqν
[hκαmn(k,q)]
∗hκ
′α′
mn′ (k,q) (2)
× U∗κα,ν(q)Uκ′α′,ν(q)
∑
±
nqν + [1± (2fmk+q − 1)]/2
ω − εmk+q ± ωqν + iη ,
ΣDWnn′k =
1
Nq
∑
qν
κακ′α′
1
2ωqν
(
nqν +
1
2
)
Dκακ′α′nn′ (k,q) (3)
× U∗κα,ν(q)Uκ′α′,ν(q).
Here, m, n, and n′ are the electron band indices, k and q
the electron and phonon crystal momenta, respectively,
Uκα,ν(q) the eigendisplacement of atom κ along Carte-
sian direction α associated to the phonon mode ν in units
of inverse square root of mass, εmk+q the electron energy,
ωqν the phonon mode energy, fmk+q and nqν the Fermi-
Dirac and Bose-Einstein distribution functions, and η a
positive infinitesimal that enforces the causality of the
EPC. We set ~ = 1 throughout this paper.
To compute the Fan and the DW self-energies, one
needs to calculate the following two types of matrix ele-
ments:
hκαmn(k,q) = 〈umk+q|∂qκαvˆKS|unk〉 (4)
and
Dκακ′α′nn′ (k,q) =
∑
κακ′α′
〈unk|∂−qκα∂qκ′α′ vˆKS|un′k〉 . (5)
Here, |unk〉 is the periodic part of the electron wavefunc-
tion, vˆKS the Kohn-Sham (KS) potential, and ∂qκα the
derivative with respect to the monochromatic displace-
ment of atom κ along direction α with wave vector q.
The first-order EPC matrix element h [Eq. (4)] can be
evaluated from DFPT. However, to compute the second-
order EPC matrix element D [Eq. (5)], we need the sec-
ond derivatives of the KS potential, which cannot be
calculated from the usual first-order DFPT. Hence, the
AHC theory exploits the RIA, assuming that the KS po-
tential is a sum of atom-centered contributions. Then,
mixed derivatives of the KS potential with respect to the
displacements of different atoms vanish, allowing one to
approximate D as
Dκακ′α′nn′ (k,q)
RIA≈ δκ,κ′ 〈unk|∂Γκα∂Γκα′ vˆKS|un′k〉
RIA≈ δκ,κ′
∑
κ′′
〈unk|∂Γκα∂Γκ′′α′ vˆKS|un′k〉
≡ δκ,κ′D˜καα′nn′ (k) (6)
with δκ,κ′ the Kronecker delta function. The symbol
RIA≈
denotes an approximation that is exact under the RIA.
To compute D˜ defined in Eq. (6), the AHC theory uti-
lizes the translational invariance of electron energies2,8.
Let us consider the following operation: a displacement
of atom κ in every unit cell along direction α by a dis-
tance ξ and a subsequent uniform displacement of every
atom along direction α′ by a distance τ . We write the
KS potential and the energy eigenvalue of the resulting
system as vˆκα;α
′
KS (ξ, τ) and ε
κα;α′
nk (ξ, τ), respectively.
Now, the translational invariance of the coupled sys-
tem of electrons and atoms implies that a uniform dis-
placement does not alter the electron eigenenergies:
εκα;α
′
nk (ξ, τ) = ε
κα;α′
nk (ξ, 0). (7)
By expanding both sides of Eq. (7) with respect to ξ and
τ using perturbation theory, one can relate the diagonal
part of D˜ to the first-order EPC matrix elements38:
D˜καα′nn (k) = −2 Re
∑
κ′′,m 6=n
hκαnm(k,Γ)h
κ′′α′
mn (k,Γ)
εnk − εmk . (8)
This equation is used in the conventional AHC theory to
compute the diagonal DW self-energy.
Now, let us consider the full self-energy matrix, includ-
ing the off-diagonal components. The term ‘off-diagonal’
self-energy is not to be confused with ‘nondiagonal DW’
self-energy6,8, which means the correction to the DW self-
energy beyond the RIA.
The Fan self-energy matrix can be computed without
any difficulty from Eq. (2). To compute the DW self-
energy matrix, one needs to evaluate the off-diagonal ma-
trix elements of D˜nn′ [Eq. (6)]. However, such a quantity
cannot be computed within the conventional AHC the-
ory even assuming the RIA, as apparent from Eq. (8)
being limited to the diagonal case. This limitation origi-
nates from the fact that the only nontrivial information
we used to derive Eq. (8) is the translational invariance
of the electron energies [Eq. (7)].
Here, we seek for a statement stronger than Eq. (7).
Indeed, the translational invariance of the system gives
much more information than the mere invariance of the
electron eigenenergies. When all atoms of the system are
uniformly displaced, the electronic Hamiltonian is also
uniformly displaced. Thus, we find
〈r + τeα′ |vˆκα;α
′
KS (ξ, τ)|r′ + τeα′〉 = 〈r|vˆκα;α
′
KS (ξ, 0)|r′〉
(9)
with |r〉 the position basis state of the electron and eα′
the unit vector along α′.
Using the momentum operator pˆα′ = −i∂/∂rα′ , one
can rewrite Eq. (9) in the operator form:
vˆκα;α
′
KS (ξ, τ) = exp(−i τ pˆα′) vˆκα;α
′
KS (ξ, 0) exp(i τ pˆα′).
(10)
3From the coefficients of τ in the series expansion of
Eq. (10), one finds∑
κ′
∂Γκ′α′ vˆKS = i[vˆKS, pˆα′ ]. (11)
From the coefficients of ξτ , one finds∑
κ′
∂Γκα∂Γκ′α′ vˆKS = i[∂ΓκαvˆKS, pˆα′ ]. (12)
Here, the derivatives are evaluated at ξ = τ = 0, so we
omit the superscript κα;α′. Equations (11) and (12) are
the operator generalization of the acoustic sum rules for
EPC.
From Eqs. (6) and (12), one finds
D˜καα′nn′ (k) = i 〈unk|[∂ΓκαvˆKS, pˆα′ ]|un′k〉 . (13)
This equation is the main result of this paper. We have
thus generalized the original formula of the AHC theory
for the diagonal DW self-energy to the full matrix form.
One can indeed derive the original formula, Eq. (8), from
our results38. We have numerically tested our formula,
Eq. (13), against finite-difference calculations and found
an excellent agreement38.
Using Eq. (13) as well as Eqs. (3) and (6), one can
calculate both the diagonal and off-diagonal components
of the DW self-energy matrix on an equal footing. This
result enables the study of the phonon-renormalized elec-
tronic structures in presence of considerable wavefunction
hybridization, fully within the non-adiabatic perturba-
tive AHC theory.
Another virtue of our theory is that it does not re-
quire a summation over unoccupied bands, in contrast
to the original expression Eq. (8)2–5, or solutions of the
Sternheimer equations6. The computation of the DW
self-energy is thus considerably simplified.
We apply our theory to the temperature-dependent
electronic structure of BiTlSe2. BiTlSe2 exhibits an
EPC-induced topological transition17. DFT calculations
of BiTlSe2 find a topological insulator state with an
inverted gap at Γ39, as have been experimentally ob-
served40–42. When the EPC is included, BiTlSe2 is driven
to a normal insulator at temperatures higher than the
critical temperature17. Using our generalization of the
AHC theory, we study the evolution of the band struc-
tures and wavefunctions around this topological transi-
tion38,43. In calculating the temperature dependence,
we neglected the effect of thermal expansion as done in
Ref.17.
Figure 1 shows the decomposition of the total self-
energy into the Fan and DW contributions. We find that
the two contributions have similar magnitudes and oppo-
site signs. Even for the off-diagonal components which
are in general complex, the Fan and DW self-energies
have approximately opposite phase angles. The magni-
tude of the total self-energy is thus much smaller than the
magnitudes of the Fan and DW contributions. This trend
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FIG. 1. The total self-energy and the DW and Fan con-
tributions at T = 500K of the (a-b) conduction band, (c-d)
valence band, and (e-f) off-diagonal elements. For the Fan
self-energy, we show −Re ΣFan in (b) and (d), and ∣∣ΣFan∣∣ in
(f). The vertical axes of the three left and three right panels
have the same scales among themselves.
is in accordance with previous analytical2 and numeri-
cal12 studies which also reported a cancellation between
the Fan and DW self-energies in direct narrow-gap semi-
conductors. This almost cancellation between the Fan
and DW self-energies for both diagonal and off-diagonal
matrix elements clearly shows the importance of our new
method.
Figure 2 shows the temperature dependence of the
band structure and the orbital character of BiTlSe2. Fig-
ure 2(a) corresponds to a low-temperature topological in-
sulator phase and shows the inversion of orbital character
around Γ. Figure 2(b) shows a gapless linear dispersion of
the renormalized electron bands at T = Tc
38. Figure 2(c)
shows that at temperatures above Tc, the orbital char-
acters of the valence and the conduction bands change
smoothly, indicating a trivial insulator state. The topo-
logical transition can also be identified from the parity of
the valence band wavefunction at the Γ point44.
The changes in the band structure and the orbital char-
acters can be correctly calculated only when the full self-
energy matrix is taken into account. The electron ener-
gies computed using only the diagonal part of the self-
energy show unphysical features such as the quadratic
band touching [Fig. 2(b)] and band crossings [Fig. 2(c)].
As another example of the physical quantity affected
by the phonon-induced wavefunction hybridization, we
calculate the hidden spin polarization. The structure of
BiTlSe2 has inversion symmetry, so the electron eigen-
states do not have any spin polarization. Still, local spin
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FIG. 2. Temperature dependence of the band structure of BiTlSe2. The size of the colored circles are proportional to the
projection of the electron wavefunctions onto the atomic orbitals.
0.2
0.0
0.2
k y
(Å
1 )
(a)
DFT
(b)
T=0K
(c)
T=Tc=311K
(d)
T=500K
0.2 0.0 0.2
kx(Å 1)
0.2
0.0
0.2
k y
(Å
1 )
(e)
0.0 0.2
kx(Å 1)
(f)
0.0 0.2
kx(Å 1)
(g)
0.0 0.2
kx(Å 1)
(h)
〈  6 Se
1,
〉 norm
./
(
/2
)
0.05
0.00
0.05
〈 S Se
1,
z〉 nor
m
./
(
/2
)
Co
nd
uc
tio
n 
ba
nd
V
al
en
ce
 b
an
d
FIG. 3. In-plane and out-of-plane components of the hidden spin polarization of the Se1 atom on the kz = 0 plane.
polarization can exist at atoms that are not located at an
inversion center. Such local spin polarization is termed
“hidden spin polarization”45 and has been experimen-
tally measured46–51.
Figure 3 shows the normalized hidden spin polarization
of one of the two selenium atoms in the unit cell (Se1)38.
The normalized hidden spin polarization is defined as
〈SSe1〉norm. = 〈ψnk|SˆPˆSe1|ψnk〉 / 〈ψnk|PˆSe1|ψnk〉 (14)
where Sˆ is the spin angular momentum operator and PˆSe1
is the projection operator to the valence p orbitals of Se1
atom.
From the DFT calculation [Fig. 3(a)] and also after
the inclusion of zero-point renormalization [Fig. 3(b)], we
find that the hidden spin texture of the conduction band
is flipped as the k point moves away from Γ. This find-
ing indicates an inverted gap at Γ at low temperatures.
As the temperature increases, the hidden spin polariza-
tion near Γ is reversed. At T = 500K, smoothly varying
hidden spin textures are found for both the conduction
and the valence bands [Figs. 3(d) and 3(h)]. We empha-
size that the inclusion of the off-diagonal components of
the self-energy matrix is essential to study any kind of
wavefunction-dependent quantities, of which hidden spin
polarization is only a single example.
The range of systems with significant phonon-induced
wavefunction hybridization is far more diverse than that
studied in this work. For example, the appearance and
5disappearance of topologically-protected surface states
after a temperature-induced topological transition of the
bulk is a result of significant wavefunction hybridization.
Also, the consideration of the full self-energy matrix is
necessary to study the EPC-induced topological transi-
tions of non-centrosymmetric systems such as BiTeI23–26,
as the gap closes at generic k points where the symme-
try allows interband hybridization. Our theory also pro-
vides the temperature-depenent electronic wavefunctions
which are needed for the calculation of the topological Z2
invariant of non-centrosymmetric systems52–55.
In conclusion, we derive a simple expression for the full
DW self-energy matrix using the operator generalization
of the acoustic sum rule for EPC. This result generalizes
the AHC theory to deal with the off-diagonal components
of the electron self-energy and the EPC-induced wave-
function hybridization. We demonstrate our formalism
by calculating the EPC contribution to the temperature
dependence of the band structures, orbital characters,
and hidden spin polarization of BiTlSe2. We find that
the consideration of the full self-energy matrix is essen-
tial for a complete understanding of the gap inversion
at the topological transition. Our work paves the way
for the study of temperature-dependent electronic struc-
tures of a far wider variety of systems, fully within the
dynamical AHC theory.
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S1. CRYSTAL STRUCTURE AND BRILLOUIN ZONE OF BiTlSe2.
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FIG. S1. (a) Crystal structure of BiTlSe2. (b) Brillouin zone of BiTlSe2.
S2. A DETAILED DERIVATION OF EQ. (8)
Let us consider the displaced system discussed in the main text, above Eq. (7). From second-order perturbation
theory assuming nondegenerate states, the eigenvalues of the displaced system read
εκα;α
′
nk (ξ, τ) = ε
(0)
nk + ξ 〈unk|∂ΓκαvˆKS|unk〉+ τ
∑
κ′
〈unk|∂Γκ′α′ vˆKS|unk〉 (S1)
+ ξτ
∑
κ′
 〈unk|∂Γκα∂Γκ′α′ vˆKS|unk〉+ 2 Re ∑
m 6=n
〈unk|∂ΓκαvˆKS|umk〉 〈umk|∂Γκ′α′ vˆKS|unk〉
ε
(0)
nk − ε(0)mk
+O(ξ2) +O(τ2),
with ε
(0)
nk = ε
κα;α′
nk (ξ = 0, τ = 0).
Now, the translational invariance of the eigenenergies [Eq. (7)] implies that all coefficients of the terms including τ
in Eq. (S1) should vanish. By applying this condition to the coefficients of τ , one finds∑
κ′
〈unk|∂Γκ′α′ vˆKS|unk〉 = 0. (S2)
Similarly, from the coefficients of ξτ , one finds∑
κ′
〈unk|∂Γκα∂Γκ′α′ vˆKS|unk〉 = −2 Re
∑
m 6=n
〈unk|∂ΓκαvˆKS|umk〉 〈umk|∂Γκ′α′ vˆKS|unk〉
ε
(0)
nk − ε(0)mk
. (S3)
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2Equations (S2) and (S3) are the first- and second-order acoustic sum rules for the diagonal EPC [S1].
By substituting the left-hand side of Eq. (S3) to the second line of Eq. (6), one finds Eq. (8), an expression for the
diagonal part of D˜ that does not refer to the second-order derivative of the KS potential.
S3. AN ALTERNATIVE DERIVATION OF EQ. (8) USING OUR RESULTS
In this section, we provide an alternative derivation of Eq. (8) using the main results of our theory [Eqs. (11), (12)
and (13)].
First, by expanding the right hand side of Eq. (13) in the electron energy eigenbasis, one finds
D˜καα′nn′ (k) = i 〈unk|[∂ΓκαvˆKS, pˆα′ ]|un′k〉
= i
∑
m
( 〈unk|∂ΓκαvˆKS|umk〉 〈umk|pˆα′ |un′k〉 − 〈unk|pˆα′ |umk〉 〈umk|∂ΓκαvˆKS|un′k〉)
= i
∑
m
[hκαnm(k,Γ) 〈umk|pˆα′ |un′k〉 − 〈unk|pˆα′ |umk〉hκαmn′(k,Γ)] . (S4)
To evaluate 〈unk|pˆα′ |umk〉, we use Eq. (11), the first-order acoustic sum rule in the operator form. Taking the matrix
element of Eq. (11), one finds∑
κ′
hκ
′α′
nm (k,Γ) = i 〈unk|[vˆKS, pˆα′ ]|umk〉 = i 〈unk|[Hˆ, pˆα′ ]|umk〉 = i(εnk − εmk) 〈unk|pˆα′ |umk〉 . (S5)
Here, we used the fact that the electron Hamiltonian Hˆ is the sum of the KS potential vˆKS and the kinetic energy
Tˆ = pˆ2/2m and that the kinetic energy operator commutes with pˆα′ .
Rearranging Eq. (S5), one finds that if εmk 6= εnk, the matrix element of the momentum operator becomes
〈unk|pˆα′ |umk〉 = −i
∑
κ′
hκ
′α′
nm (k,Γ)
εnk − εmk . (S6)
Note that one cannot use Eq. (S6) if m = n. Also, we assume that the electron states are nondegenerate. The
formalism can be extended to degenerate cases by first choosing a different wavefunction gauge for each α′ so that
the off-diagonal matrix elements of pˆα′ between degenerate states vanish and then applying unitary rotations to the
matrix elements D˜καα′nn′ (k) so that the wavefunction gauge for different α′ becomes identical.
By substituting Eq. (S6) into Eq. (S4), one finds
D˜καα′nn′ (k) =
∑
κ′
[
hκαnn′(k,Γ)
(
〈un′k|pˆα′ |un′k〉 − 〈unk|pˆα′ |unk〉
)
+
∑
m6=n′
hκαnm(k,Γ)h
κ′α′
mn′ (k,Γ)
εmk − εn′k −
∑
m 6=n
hκ
′α′
nm (k,Γ)h
κα
mn′(k,Γ)
εnk − εmk
]
. (S7)
For the diagonal case of n = n′, the first term in the parenthesis of Eq. (S7) cancels out. Thus, the diagonal case of
Eq. (S7) is equivalent to Eq. (8), the expression of the original AHC theory for the diagonal DW matrix element. In
contrast, the first term of Eq. (S7) does not cancel out for the off-diagonal case, n 6= n′. Thus, the expression of the
original AHC theory [Eq. (8)] cannot be generalized to the off-diagonal case without using our operator-generalized
formulation.
S4. NUMERICAL TESTS OF EQ. (13)
To numerically test the theory developed in this work, we compute the second-order matrix elements D˜ using
Eq. (13) as well as the finite-difference method. The finite-difference calculations were converged with a Richardson
interpolation of order 4. The results of the comparison for BiTlSe2 and diamond are shown in Fig. S2 and Fig. S3,
respectively. Both results show an excellent agreement between Eq. (13) and the finite-difference calculations, with
errors several orders of magnitude smaller than the typical value of D˜. This result provides a numerical confirmation
of our theory.
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FIG. S2. (a-b) Absolute values and (c-d) absolute errors of the second-order EPC matrix elements D˜ of BiTlSe2 computed
using Eq. (13) and the finite-difference (FD) method. The dashed black lines indicate the boundary between the highest
valence band and the lowest conduction band. The second-order matrix element D˜ is computed for the mixed derivative for
the displacement of the Tl atoms along the x direction and the uniform displacement of all atoms along the x direction.
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FIG. S3. (a-b) Absolute values and (c-d) absolute errors of the second-order EPC matrix elements D˜ of diamond computed
using Eq. (13) and the finite-difference method. The dashed black lines indicate the boundary between the highest valence band
and the lowest conduction band. The second-order matrix element D˜ is computed for the mixed derivative for the displacement
of all lattice-periodic images of one C atom along the x direction and the uniform displacement of all atoms along the x
direction.
S5. COMPUTATIONAL DETAILS
We used the Quantum ESPRESSO package [S2] to perform DFT and DFPT calculations. We modified the
Quantum ESPRESSO package to perform the Fourier interpolation of phonon potential [S3, S4] and to circum-
vent the summation over a large number of unoccupied states in the Fan self-energy by solving the Sternheimer
equation [S5]. The custom code developed in this work may be made available in a later release of the Quantum
4ESPRESSO package after discussions with the Quantum ESPRESSO core developers.
The DFT and DFPT calculations were performed with an 8×8×8 k-point grid, a kinetic energy cutoff of 80 Ry, fully
relativistic ONCV pseudopotentials [S6] taken from the PseudoDojo library (v0.4) [S7], and the PBE functional [S8].
The optimized lattice parameters were taken from Ref. [S9]. In calculating the temperature dependence, we neglected
the effect of thermal expansion as done in Ref. [S9].
To avoid a sum over a large number of high-energy empty bands in the Fan self-energy, we approximated the
contribution of the high-energy bands using the solution of the Sternheimer equation [S5]. We call the contribution
of the high-energy bands to the Fan self-energy the “upper Fan” self-energy and the contribution from the low-energy
bands the “lower Fan” self-energy. For the lower Fan self-energy, we included an artificial broadening η to smooth the
energy denominators. The phonon frequency in the denominator of Eq. (2) was ignored in the calculation of the upper
Fan self-energy. We included 30 unoccupied bands in the calculation of the lower Fan self-energy to include all states
lying less than 10 eV above the valence band maximum energy. The resulting error due to the static approximation of
the upper Fan self-energy is at most a few meV. We note that our expression for the DW self-energy [Eq. (13)] does not
require a sum over bands nor solutions of the Sternheimer equations, contrary to the ordinary expressions [S5, S10].
The potential perturbation is computed on a coarse 6 × 6 × 6 q-point grid from DFPT and then Fourier interpo-
lated [S3] to the fine q-point grid. The nonanalytic long-range part of the potential perturbation is taken into account
by subtracting and adding the dipole potential [S11] before and after the Fourier interpolation, respectively, following
the method of Ref. [S4]. The force constants are Fourier interpolated to the fine q-point grid using the dynamical
matrices computed at the 6 × 6 × 6 grid. We take the non-analytic long-range part of the force constants correctly
into account [S12]. We used a 8 × 8 × 8 q-point grid for the calculation of the upper Fan and DW self-energies,
and a 36 × 36 × 36 q-point grid for the calculation of the lower Fan self-energy. We also included the broadening of
η = 20 meV in the calculation of the lower Fan self-energy. The sizes of the fine q-point grids and the broadening
parameter η were determined after a thorough convergence study (see Sec. S6).
We calculated the self-energy matrix in the basis of 10 valence and 4 conduction bands to include all states within
2 eV from the valence band maximum energy We have also checked that the inclusion of only two valence and two
conduction bands is already sufficient to give converged renormalized electron energies.
The self-energy matrix we compute is not diagonal and not Hermitian. Thus, the corresponding eigenvectors are
not orthonormal. Also, since the self-energy is dynamical, the choice of the frequency for the off-diagonal components
is ambiguous. Following the recipe established by the GW community [S13], we use a static Hermitian approximation
of the self-energy:
ΣHerm.nn′k =
1
2
[(Re Σ)nn′k(εnk) + (Re Σ)nn′k(εn′k)] . (S8)
Here, Re Σ is defined as follows:
(Re Σ)nn′k =
1
2
(
Σk + Σ
†
k
)
nn′
. (S9)
In the GW literature, ΣHerm. defined in Eq. (S8) is known to be a nearly optimal approximant of the full dynamical
self-energy [S13]. We then diagonalize the renormalized Hamiltonian
Hrenorm.nn′k = εnkδn,n′ + Σ
Herm.
nn′k (S10)
to obtain the renormalized electron energies. This method is a generalization of the on-the-mass-shell approxima-
tion [S14] to the case of an off-diagonal self-energy.
An alternate method to deal with a dynamical self-energy is the Dyson-Migdal approach that self-consistently solves
the eigenvalue equation
det [Σk(ω = Enk)− Enk1] = 0 (S11)
with 1 the identity matrix. However, it has been found that the on-the-mass-shell approximation gives a much better
estimate of renormalized quasiparticle energies than the Dyson-Migdal approach [S14, S15]. Thus, we use the on-the-
mass-shell approximation in this work. In passing we note that our method of calculating the off-diagonal matrix
elements of the self-energy is universal and can be applied to other many-body theories than the static Hermitian
approximation [Eq. (S8)] and the on-the-mass-shell approximation [Eq. (S10)] we adopted here. Although important,
the comparison between the results obtained from different levels of many-body theories is not the main subject of
our paper. Our paper provides a method that enables such future investigations.
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FIG. S5. Convergence study for the sum of the DW and upper Fan self-energies at the (a) CBM and (b) VBM at 500 K.
The horizontal solid line indicates the self-energy computed with Nq,c = 6 and Nq,f = 12. The shaded area indicates the range
where the absolute error with the value indicated by the horizontal solid line is below 1 meV.
S6. CONVERGENCE STUDY OF THE ELECTRON SELF-ENERGY
In this section, we describe the convergence study for the sampling of phonon wave vectors. To study the convergence
of the electron self-energy, we computed the potential perturbation on a coarse Nq,c ×Nq,c ×Nq,c q-point grid from
DFPT and then Fourier interpolated it to a fine Nq,f ×Nq,f ×Nq,f q-point grid for different values of Nq,c and Nq,f .
Figures S4 and S5 show the convergence of the DW and upper Fan self-energies and their sum. We find that the
convergence of both the DW and upper Fan self-energies themselves [Fig. S4] is much slower than that of the sum of
these two terms [Fig. S5]. Note that the vertical scales of Fig. S5 is more than an order of magnitude smaller than
those of Fig. S4. This observation can be partly attributed to the cancellation between the DW self-energy and the
Fan self-energy in the long-wavelength limit [S5, S16, S17]. Thus, it suffices to converge the sum of the DW and upper
Fan self-energies, not their individual contributions.
The sum of the DW and upper Fan self-energies is converged at Nq,f = 8 with an error less than 1 meV. We also
find that the self-energy computed using the phonon potential interpolated from Nq,c = 6 to Nq,f = 8 gives reasonable
agreement with the self-energy computed with Nq,c = Nq,f = 8 without any interpolation. We checked that every
matrix element between the highest valence band and the lowest conduction band of the sum of the DW and upper
Fan self-energies is converged for all temperatures below 500 K and for all k points plotted in Fig. 2 with an error
less than 2 meV. From these analyses, we choose to use Nq,c = 6 and Nq,f = 8 for the evaluation of the sum of the
DW and upper Fan self-energies.
Figures S6 and S7 show the convergence of the lower Fan self-energy with respect to the size of the fine grid and
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FIG. S6. Convergence study for the lower Fan self-energy of the (a-b) CBM, (c-d) VBM, and (e-f) off-diagonal element at
k = Γ at (a, c, e) 0 K and (b, d, f) 500 K. The real part of the self-energy is plotted for the case of the CBM and VBM, and
the absolute value of the self-energy is plotted for the off-diagonal element. The maximal value of Nq,f shown is Nq,f = 36.
the artificial broadening η. We used Nq,c = 6 for all cases. Comparing the scales of the left columns [(a,c,e)] with
the scales of the right columns [(b,d,f)] of Fig. S6 and S7, we find that the absolute error coming from an insufficient
convergence is much larger at T = 500 K than at T = 0 K. Also, by comparing Fig. S6(b) and Fig. S7(b), we find
that the self-energy of the lowest conduction band at k = 0.4Z is much more oscillatory and slowly convergent with
respect to Nq,f than the self-energy at k = Γ. We believe that the slow convergence can be attributed to the existence
of near-resonant transitions from the lowest conduction band at k = 0.4Z to other conduction band states, which is
possible as the state at k = 0.4Z is not a band extremum. At Nq,f = 36, which is the largest q-point grid size we
have used, we find that an artificial broadening of at least 20 meV is required to obtain a smooth band structure.
Therefore, we choose to use Nq,f = 36 and η =20 meV for the lower Fan self-energy as a compromise of accuracy and
computational cost.
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FIG. S7. Convergence study for the lower Fan self-energy of the (a-b) lowest conduction band (CB), (c-d) highest valence
band (VB), and (e-f) off-diagonal coupling between the CB and VB at k = 0.4Z = (0.0, 0.0, 0.16) A˚−1 at (a, c, e) 0 K and (b,
d, f) 500 K. The real part of the self-energy is plotted for the case of the CB and VB, and the absolute value of the self-energy
is plotted for the off-diagonal part. The maximal value of Nq,f shown is Nq,f = 36.
S7. TEMPERATURE DEPENDENCE OF THE BAND GAP
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FIG. S8. Temperature dependence of the VBM and CBM energies. The VBM and CBM energies computed without EPC are
indicated with the black horizontal dotted lines. The critical temperature at which the band gap between the VBM and CBM
vanishes is indicated with the red vertical dashed line.
Figure S8 shows the temperature dependence of the valence band maximum (VBM) and the conduction band
minimum (CBM) energies. BiTlSe2 is a direct-gap insulator with both the VBM and the CBM at the Γ point, where
the off-diagonal self-energy is zero due to the inversion symmetry of the crystal structure. Therefore, the temperature
dependence of the VBM and CBM states and the temperature dependence of the band gap can be computed without
8considering the off-diagonal self-energy as in Ref. [S9].
The transition temperature we obtained, Tc = 311 K, is a little higher than the transition temperature obtained in
Ref. [S9], which is around 240 K. We believe that this discrepancy mainly originates from the fact that the band gap
of our DFT calculation is a little larger than that of Ref. [S9]. The difference in the band gap might be attributed to
the use of different exchange-correlation functionals: we used the PBE functional [S8] while the authors of Ref. [S9]
used the revised PBE [S18] functional.
[S1] F. Giustino, Electron-phonon interactions from first principles, Reviews of Modern Physics 89, 015003 (2017).
[S2] P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car, C. Cavazzoni, D. Ceresoli, G. L. Chiarotti, M. Cococcioni,
I. Dabo, A. Dal Corso, S. de Gironcoli, S. Fabris, G. Fratesi, R. Gebauer, U. Gerstmann, C. Gougoussis, A. Kokalj,
M. Lazzeri, L. Martin-Samos, N. Marzari, F. Mauri, R. Mazzarello, S. Paolini, A. Pasquarello, L. Paulatto, C. Sbraccia,
S. Scandolo, G. Sclauzero, A. P. Seitsonen, A. Smogunov, P. Umari, and R. Wentzcovitch, QUANTUM ESPRESSO: a
modular and open-source software project for quantum simulations of materials, J. Phys.: Condens. Matter 21, 395502
(2009).
[S3] A. Eiguren and C. Ambrosch-Draxl, Wannier interpolation scheme for phonon-induced potentials: Application to bulk
MgB2, W, and the (1× 1) H-covered W(110) surface, Phys. Rev. B 78, 045124 (2008).
[S4] X. Gonze, B. Amadon, G. Antonius, F. Arnardi, L. Baguet, J.-M. Beuken, J. Bieder, F. Bottin, J. Bouchet, E. Bousquet,
et al., The Abinit project: Impact, environment and recent developments, Computer Physics Communications , 107042
(2019).
[S5] X. Gonze, P. Boulanger, and M. Ct, Theoretical approaches to the temperature and zero-point motion effects on the
electronic band structure, Annalen der Physik 523, 168 (2011).
[S6] D. R. Hamann, Optimized norm-conserving Vanderbilt pseudopotentials, Physical Review B 88, 085117 (2013).
[S7] M. van Setten, M. Giantomassi, E. Bousquet, M. Verstraete, D. Hamann, X. Gonze, and G.-M. Rignanese, The Pseu-
doDojo: Training and grading a 85 element optimized norm-conserving pseudopotential table, Computer Physics Com-
munications 226, 39 (2018).
[S8] J. P. Perdew, K. Burke, and M. Ernzerhof, Generalized gradient approximation made simple, Phys. Rev. Lett. 77, 3865
(1996).
[S9] G. Antonius and S. G. Louie, Temperature-induced topological phase transitions: Promoted versus suppressed nontrivial
topology, Physical Review Letters 117, 246401 (2016).
[S10] S. Ponc, Y. Gillet, J. Laflamme Janssen, A. Marini, M. Verstraete, and X. Gonze, Temperature dependence of the
electronic structure of semiconductors and insulators, The Journal of Chemical Physics 143, 102813 (2015).
[S11] C. Verdi and F. Giustino, Fro¨hlich electron-phonon vertex from first principles, Phys. Rev. Lett. 115, 176401 (2015).
[S12] X. Gonze, First-principles responses of solids to atomic displacements and homogeneous electric fields: Implementation
of a conjugate-gradient algorithm, Phys. Rev. B 55, 10337 (1997).
[S13] M. van Schilfgaarde, T. Kotani, and S. Faleev, Quasiparticle self-consistent GW theory, Phys. Rev. Lett. 96, 226402
(2006).
[S14] J. P. Nery, P. B. Allen, G. Antonius, L. Reining, A. Miglio, and X. Gonze, Quasiparticles and phonon satellites in spectral
functions of semiconductors and insulators: Cumulants applied to the full first-principles theory and the Fro¨hlich polaron,
Physical Review B 97, 115145 (2018).
[S15] F. Brown-Altvater, Electronic excitations, phonons, and electron-phonon coupling in acenes, Ph.D. thesis, University of
California, Berkeley (2019).
[S16] P. B. Allen and V. Heine, Theory of the temperature dependence of electronic band structures, Journal of Physics C:
Solid State Physics 9, 2305 (1976).
[S17] J. D. Querales-Flores, J. Cao, S. Fahy, and I. Savi, Temperature effects on the electronic band structure of PbTe from
first principles, Physical Review Materials 3, 055405 (2019).
[S18] Y. Zhang and W. Yang, Comment on “generalized gradient approximation made simple”, Phys. Rev. Lett. 80, 890 (1998).
